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Abstract 

In this paper we consider models built in [3j for short-term, mean-term and long-term morpho- 
dynamics of dunes and megariples. We give an existence and uniqueness result for long term 
dynamics of dunes. This result is based on a time-space periodic solution existence result for 
degenerated parabolic equation that we set out. Finally the mean-term and long-term models 
are homogenized. 



1 Introduction and results 



In Faye, Frenod and Seek [3], based on works of Bagnold [2j, Gadd, Lavelle and Swift [S], Idler [B], 
Astruc and Hulcher [7], Meyer-Peter and Muller [TT] and Van Rijn [T3], we set out that a relevant 
model for short term dynamics of dunes, i.e. for their dynamics over several months, is 

^ _ • ((1 - 66m).g„(|u|)Vz^) ^ ■ {{I bem)g,{\n\)^^ , (1.1) 
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where z*^ = z'^{x,t), is the dimensionless seabed ahitude at t and in x. For a given constant T, t 
[0,T), stands for the dimensionless time and x — {xi,X2) G T^, being the two dimensional torus 
R^/ 7?, is the dimensionless position variable. Operators V and V- refer to gradient and divergence. 
Functions ga and Qc are regular on and satisfy 



9a >9c>0, 3,(0) = 3^(0) = 0, 
3d > 0,sup„gR+ \ga{u)\ +sup„gK+ \g'a{u)\ < d, 
sup„gK+ \9c{u)\ +sup„gR+ \g'ciu)\ < d, 

3Uthr > 0, 3Gthr > 0, such that U > Uthr =^ ga{u) > Gthr- 

Fields u and m are dimensionless water velocity and height. They are given by 

u(t, x) = U{t, -, x), m(t, x) = M{t,-,x), 
e e 



where 



U = U{t, 0, x) and M = M{t, 9, x) are regular functions on M"*" x M x 
6 I — > (14, M) is periodic of period 1, 
& \Ml 1^1, 1^1, |VX| are bounded by d, 



dt " ' 80 " ' " ' " ' dt " ' 80 
V(i, 6*, a;) e R+ X M X \U{t, 0,x)\< Uth 

dU _ dM 

dt " ' dt 



0, VM {t, 0,x)^O and VU{t, 6*, x) = 0, 



30a <0^e [0, 1] such that y e [0a, 0u] =^ \U{t, 0, x)\ > Uthr 



(1.2) 



(1.3) 



(1.4) 



A relevant model for mean term, i.e. when dune dynamics is observed over a few years, is 



^ _ • ((1 - bV~em)ga{\n\)Vz^) = • (^(1 - 6V^m)<?,(|u|)^ 
with condition (jl.2p on ga and and with u and m given by 



u{t,x) ^U{t, 



t t 



, x), m(i, x) — M{t, 



t t 



For mathematical reasons, we assumed 

U{t,T,0,x) =U{t,0,x) + y^Ul{t,T,0,x), 



(1.5) 



(1.6) 



(1.7) 



where U =U{t, 0, x) and Ui ~ Ui{t, r, 0, x) are regular. We also assumed that Ai — A4{t, r, 0, x) is 
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regular and 



6 I — > {U,Ui,Ai) is periodic of period 1, 

T I — !• {Ui,A4) is periodic of period 1, 

,,,, ,dU , ,dU , ,, „, , ,dUi, ,dUi, ,dUi, , , 

' 9^'' 'W'' '97'' 

I . .1 iC'A^i ,dM, , , 

' I ^-^ I are bounded by d, 



(1.8) 



V(i, T, 6*, x) e K+ X K X M X |Z^(t, r, 61, a;)| < Uthr =^ 

^(t,T,^,x) =0, ^(i,T,0,x) =0, VZ?(t,T,0,.T) =0, 

^^dM dM 

^— (t, T, 6*, x) = 0, ^— (t, T, 6*, x) = and V7W(t, r, 6*, x) = 0, 

OT OT 

361a < e [0,1] such that M 6 e [6i„,6'^] =^ |Z?(t, r, 6*, x)| > Uthr- 

A relevant model for long-term dune dynamics is the following equation 

^ - • ((1 - 66m)g,(|u|)V.^) = • (^(1 - hein)g,{\n\)^^ , (1.9) 

where a, b and c are constants, where ga and gc satisfy assumption (jl.2p . and where z'^ is defined on 
the same space as before. It is also relevant to assume 

\i{x,t) = U{t,-,x) = Uo{-) + eUi{-,x) + e^U2{t,-,x), 
£ e e e 

m{t,x) ^Mi-,x) + e^M2{t,-,x), (1.10) 
e e 

where Wo = Wo (0), Ui ^Ui{d,x), U2 ^l^2{t,0,x), M ^ M{9,x) a.nd M2 ^ M2{t,0, x) are regular 
and 

9 I — > {iUo,Ui,l42,M,M2) is periodic of period 1, 
l^ol, 1^1, l^il, 1^1, |VW,|, \U2l 1^1, ||||, IVW.I, 1^1, 1^1, 
\yM\, \M2\, 1^1, IVX2 1 are bounded by d, 

y{t,e,x) e R+ X M X T^, \Uo{e) + eUi{e,x) + e'^U2it,e,x)\ < Uthr =^ 

—i{t,e,x)^o, vwi(0,x) = o, vw2(i,0,x) = 0, 

dM2 

—Qf-(t, 0, x) = 0, VX(6i, x) = 0, VX2(i, 61, x) = 0, 
39c, <0^e [0, 1] such that V 6* e M, 6I e [6i„, 6*^] 

^ \Uo{e) +iiiie,x) + e'U2{t,e,x)\ > Uthv 

Equations (|l.ip . (|1.5[) or (|1.9[) need to be provided with an initial condition 

^|t=o = ^0, (1.12) 



(1.11) 
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giving the shape of the seabed at the initial time. 

In [3], we then gave an existence and uniqueness resuh for short-term model p.ip if hypotheses 

and (lLi|) are satisfied and for the mean term one (|L5)) . if hypotheses p^ . (lOI) . 
and (|1.8p are satisfied. This result was built on a time-space periodic solution existence result for 
degenerated parabolic equation. Under the same assumptions, the asymptotic behaviour of z*^, as 
e — >■ 0, solution of short term model (|l.ip is also given by homogenization methods. Futhermore 
if moreover Uthr = 0, a corrector result was set out, which gives a rigorous version of asymptotic 
expansion of the sequence z*^: 

z'{t,x) = U{t,-,x) + eC/i(t, + (1.13) 
e e 



where U and are solutions to 



^-V- (^VC/) =V.C, (1.14) 



V- (ylVC/M = V-Ci + ^+V-(AV{/), (1.15) 



de \ I dt 

where A and C are given by 



A = agamt.O,x)\) s.ndC^cg,{\U{t,e,x)\) (1.16) 

\u{t,e,x)\ 

and yli and Ci are given by 

Ai{t,e,x) = -ahM(t,e,x) ga{\U{t,e,x)\), 

B.nAC^{t,e,x) = -chM{t,e,x)g,{\U{t,e,x)\) ^^^f:% . (1.17) 

|C/(t,6',x)| 

In [3], we did not state neither any existence result for long term model (jl.9p nor any asymptotic 
behaviour result for mean term and long term models. Stating those results is the subject of the 
present paper. We will now state those main results. The first one concerns existence and uniqueness 
for the long-term model. 

Theorem 1.1 For any T > 0, any a > 0, any real constants b and c and any e > 0, under 
assumptions \1.2\l . (QP and hl.ll]] . if 

zo ei'(T2), (1.18) 

there exists a unique function z'^ £ L°°([0, T), L^(T^)), solution to equation il.9\) provided with initial 
condition U.12\) . 

Moreover, for any t £ [0,r], z"^ satisfies 

\\z'\\l^{[o,t),l^t^)) < X (1.19) 
for a constant 7 not depending on e and 



z'^{t, x) dx 

T2 

dt 



= 0. (1.20) 
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The proof of this theorem is done in section [21 except equahty (|1.20p which is directly gotten by 
integrating (11.91) with respect to x over T^. 



We now give a result concerning the asymptotic behaviour as e of the long term model. We 
notice that, since U and Ai + do not depend on t and x when U < Uthr, we have the following 

property: 

V6' e [0, 1], (3{t, x) e [0, T) X such that U{t, 9, x) = or M{0, x) + e^M2{t, 0, x) = o) 

=^ (y{t,x) e [0,r) X U{t,e,x) = O and M{6,x)+e^M2{t,e,x) = o), (1.21) 

and 

{9 e [0, 1], U{-,6, •) = and M{e, •) + e^M2{-,6, ■) = 0} 

is an union of several intervals. (1.22) 

Moreover we denote 

e = [0, T) X {61 e M, U{-, e,-) = and M{e, •) + e^M2i-, •) = 0} x T^, (1.23) 

and 

e*,,, = {(t, e, x) e [0, T) X K X Uit, 9, x) < Uthr}. (1.24) 



Theorem 1.2 For any T > 0, under the same assumptions as in theorem the sequence of 
solutions (z*^) to equation ll.9\} given by theorem \l.l\ two-scale converges to a profile 
U e L°°([0,T],L|'(R,L2(t2))) ^^j^^j unique solution to 

- V • {ASIU) = V -C on ([0,T) x K x T'^'j\e, (1.25) 
dU 

— = Oon Qthr, (1.26) 

and 



UdOdx^ / z^dx, (1.27) 
Jt^ Jt^ 



where A and C are given by 



A^agamt,0,x)\) andC^cg,mt,0,x)\) l^.^f'"'], - (1-28) 

\ll{t,0,x)\ 

Above and in the sequel, for all p > 1 and q > 1, we denote by 
L^(M,i«(T2)) |/ : R — > i«(T2) mesurable and periodic of period 1 in 9 such that 

9^\\f{9)\\L.iT-^eLP{[0,l])}- 

Remark 1.1 Notice that ([0,r) x M x T2^\e n Ofhr is not empty. On this set < W < Uthr- 
This contributes to make of (|1.25p . (jl.26p a well posed problem. 
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Now wc turn to mean term model for which we set out asymptotic behaviours. 

Theorem 1.3 Under assumptions lll.2\} . Ill.6\) . Jj.Tp and \1.8\) . for any T, not depending on e, 
the sequence [z'^) of solutions to il.5\) built in JBi provided with initial condition 111.12]) two-scale 
converges to the profile U G L°°{[0,T] x R, L^(M, i2(T2))) solution to 

^~V.(^V{/)=V-C, (1.29) 

where A and C are given by 

A^agamt,r,9,x)\) and C ^ cgMU{t,T,e,x)\) If}^'^'^''']. . (1-30) 

\u{t,T,e,x)\ 

FinaUy, a corrector result for the mean-term model is given under restrictive assumptions. 

Theorem 1.4 Under assumptions iLS^) . il.6]) . ( |j.7| ), il.8\) and if moreover Uthr = 0, considering 
function e L°°([0,T), L2(T2)), solution to hl.5\l with initial condition \1.12\) and function g 
L°°([0,T), LOCI'S)) defined by 

U%t,x)^U{t,-^,i,x), (1.31) 
where U is the solution to U.29\) . the following estimate is satisfied: 

—1=^ < «, (1.32) 

^/e L°°([0,T),L2(T2)) 

where a is a constant not depending on e. 
Furthermore, 

2« — 77^ 

— two-scale converges to a profile Ui G L°°{[0,T] x R,L^{R,L^{T^))), (1.33) 

which is the unique solution to 

dUi /^x ^ / ~ \ dU 

^ - V . (aVU.) = V . + V . {a,Vu) - — (1.34) 

where A and C are given by Ill.SC^) and where Ai and Ci are given by 

Ai{t,T,e,x) = -abM{t,T,e,x)ga{\U{t,9,T,x)\), 

andC,{t,r,0,x) = -cbM{t,T,e,x) g,{\U{t,T,e,x)\) ^' ""I, . (1.35) 

\U{t,T,0,x)\ 

2 Existence and estimates, proof of theorem 11.11 

Setting: 

A'it,x) =Xit,-,x), (2.1) 
e 

and 

C'{t,x)=C,{t,i,x), (2.2) 
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where 
and 



Ae{t, 9, x) - a(l - beM{t, d, x)) 9a{\U{t, 9, x)\), 

U{t,9,x) 



C,{t,9,x) = c(l - beMit,9,x))g^{\Uit,9,x)\) 



\llit,9,x)\' 



equation (|1.9p with initial condition (|1.12l) can be set in the form 



z\t=a = zo- 



(2.3) 
(2.4) 

(2.5) 



Because of hyptothesis p.9p and under assumptions (ll.2p and Ae and Ce given by (I2.3P and 

(|2.4|) satisfy the fohowing hypotheses: 



61 I — ^ {Ae,Ce) is periodic of period 1 
a; I — {Ae,Ce) is defined on T^, 



dA, 



89 



<7, 



89 



8A, 



8t 



8C, 



8t 



<e'7, 



9VA 



<7, |VA|<e7, |V-C,|<e7, 



8t 
8V -C. 



<e'7, 



(2.6) 



8t 



< e'7, 



^Gthr, 9^<9^e [0, 1] such that V e 0^] =4> A(i, 0, x) > Gt^,, 

8A 



Ae{t,9,x) < Gthr 



— (i,0,x) =0, VAeit,9,x) =0, 
dC 

-^(t,9,x)^Q, ■C,{t,9,x)^0, 



(2.7) 



and 



ICI <7|A|, |C,p <7|A|, |VA| <e7|A 



a(vA) 



8A, 



8t 



< e'7|A 



V -C, 



< e7|A 



9i 



< e'7lA 



9i 



at 



(2.8) 



< £^71 A 



In this section we focus on existence and uniqueness of time-space periodic parabohc equations. 
From this, we then get existence of solution to equation (j2.5p . Existence of z*^ over a time inter- 
val depending on e, is a traightforward consequence of adaptations of results from LadyzensKaja, 
Solonnikov and Ural' Ceva [8] or Lions [9|. Our aim is to proove that solution to p.Sp is bounded 
indcpently of e. We are going to introduce the following regularized equations. We recall that the 
method used is similar to the one used in 13' . 



— - iv 



((A(t,-,-) + ^)V5'') = iv-C;(t,-,-), 



and 



dSr, 1. 



+ ^ - -V • [{AS, ; •) + v)^s;) = -V • cs, •, •), 

where /i and v are positive parameters. 

We first prove existence of solutions of (|2.10p and we give estimates of S^. 



(2.9) 
(2.10) 
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Theorem 2.1 Under assumptions i2.6]) . \2. ?[ ) and \2.8]) . for any /i > and any v > there exists 
a unique S^^ — S^{t, 9, x) G C° n L^(]R x T'^), periodic of period 1 with respect to 9, solution to 112. 10\) 
and regular with respect to the parameter t. Moreover, the following estimates are satisfied 



sup 



/ S';{9,x)d2 



= 0, 



l|v5;;iU|(R_i2(T2)) < -, 



|A5, 



■^IIl|(r,l2(t2)) 



< 72. 



£7/7 



1, 



89 



eiy V 21/ 



at 



L^(R,L2(T2)) 



1/ i/ 



(2.11) 
(2.12) 
(2.13) 

(2.14) 

(2.15) 
(2.16) 
(2.17) 



Proof . (of Theorem 12. ip . The proof of this theorem is very similar to the one of Theorem 3.3 
of Faye, Frenod and Seek [3]. The big difference is the presence of -j— factors in (|2.10l) . Hence we 
only sketch the most similar arguments and focus on the management of those factors. 
Integrating equation (|2.10p over gives 



/ S^^dx + I ^dx I V ■ ((A + i^)V5;:)rfa; = -( V ■ C,dx, (2. 



18) 



then 



which gives 



fi / S^dx 



89 



= 0, 



S''^{9,x)dx^ / S•'^{B,x)e-^'^''-^Ux. 



T2 



Since 5^ is periodic of period 1 with respect to 9, S^{9,x)dx is also periodic of period 1. Then 
((2ll|) is true. 

Multiplying equation (|2.10p by 5^, integrating over and from to 1 with respect to 9 gives 



!/||2 



de 



( Jo Jt 



{Ae + i^)\VS^^\^dxde < 



£ Jo Jt^ 



ivs'^ldxde. 



Since Ae + > and taking into account that the above first term is positive and the second one 
equals zero, we have 



- /' / \ws;fdxd9<l\\ws;\\i^.j^^i^.^r^ 

e Jo JT2 e * 



))' 
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then 



which gives (|2.12p . 



IV5 



'a'^IIl|(R,L2(T2)) < -||V5^||i^(R^i2(T2)), 



Multiplying ()2.10p by , integrating over and integrating from to 1 with respect to 9 gives 



80 



which gives (|2.14l) . 



L|(K,L2(T2)) 2eJo 



OA, 

f2 do 



< 



7/1 



(2l|V>S;i 



L|(R,L2(T2)) 



£ Jo Jt2 c^fi* 

l'^'5Mlli*(R,i^(T2)) ) ' 



Multiplying (|2.10p by — A5^, and integrating over gives 



T2 



T2 



e ./T2 



1 

£ ./t2 



(A + i/)|A5;|2da; 



1 



or 



i/||2 



ld||V5, 



f l|2 
/J II 2 



d6i 



e ./T2 



[A, + v)\^Sl\^dx 



1 



e jt2 

Since for any real number U and V 



e jt2 



V • CeA5;da;. 



4e 



(2.19) 
(2.20) 



(2.21) 



using this formula with U — AiSf^ , V — ^^'^ , we have 



e JT2 



fj. fj, — 



J2 



^^\AS;\'dx + 



1 



T2 e{Ae + v) 



|VA-V5;:|2da;. 



Taking U = AS'',, V 



v-c. 



and using again (|2.21l) we obtain 



1 



e JT2 

These two results give 



V • c,A5;; < 



^\AS;\'dx- 



T2 e{Ae + J^) 



|V -Cepdx. 



Ae + v 



idj^S^ 
^"2^2 d0 



e Jt2 



(A + i^)|A5;pdx< 



T2 



2e 



\AS';,\^dx + - 



T2 e(A + t^) 



|VA-V5"r + |V-Cer 



(2.22) 
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or, using (I2.6p . 



m||V5 



2 <i6i 



I, %^|A^;i=<i. < |V5;F<i. + 1), (2,23) 



and integrating from to 1 with respect to 9, we have 



70 2e 
From this last inequality, we deduce 



^ll^'5;|||2^(R_^2(T2)) < — + 1), 



then 



2 26^7^ 7^ 

II^'^^IIl^(r,l2(t2)) < .,2 (7:1 + 



j/^ J/- 
which gives p.l3p . 

As II V5^||2,|(M,L2(T2)) is bounded by ^ (see (|2.12p ). we can deduce that there exists 
such that 

1 

V 

From we have 



||V5;(0o,-)ll2<f 



d\\yS;\\l ^ 267^ 



< 



a 00 G [0, 1] 
(2.24) 

(2.25) 



Integrating (|2.25p from 60 to an other 61 £ [0, 1] gives 



II V5;(^?i, oil^ - II V5;(0o, •)ll2 < ^ ^ ' (^^ \ys;\'dx + 1) de 

- ~V~ ("'^'^Mlli|(K,-L=^(T2)) + 1 

giving the sought bound on ||V5^(0i, •)IIl~(r,l2(t2)) for any Qi or, in other words (|2.15p . 
Using Fourier expansion argument, because of p. lip , we have 



WsiiP. •)ll2 < IIV5;:(0, 011^ < ^ + 2^(^ + 1), 



and then ((2l6)) . 



We have that is solution to 



^ + ^-iv.f(i 



e V Si / e V 5i 



from which we deduce 



dsi 2 1 



dt 



at 



2 2 d6i 



(A + .)|V{^) 



1 



e dt 



(2.26) 



(2.27) 



(2.28) 



(2.29) 
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where 



dt ' dt ' " 
From (HD), (1^1^ and ^A^, we have 



dt dt 



(2.30) 



<e'7(l + -), 

L|(R,L2(T2)) I/' 



L|(R,L2(T2)) 

Integrating p.29p from to 1 with respect to the variable 9, we obtain 



V — - 

dt 



(R,L2(T2)) 



V — ^ 

dt 



(2.31) 



then 



V — ^ 

9t 



<£"-(! + -). 

L|(R,L2(T2)) jy' J/' 



Using the Fourier expansion of S'f^^, we have for a given 0o 



vf^(^o,-) <.^^(1 + ^). 
at 2 J/ 1/ 



Thus, as previously, we get 
dS 



V— ^ 

dt 



L~(R,L2(T2)) V 



dsr. 



dt 



,L2(T2)) ly V 



Since the estimates of theorem 12.11 do not depend on fi, making the process /i — >■ allows us to 
deduce the following theorem. 



Theorem 2.2 Under assumptions i2. 6]) , (Kl^ and i2.8\) . for any > 0, there exists a unique S'^ ~ 
S'^{t, 9, a;) G i^(M X T^), periodic of period 1 with respect to 9 solution to i2. 9\) and submitted to the 
constraint 

S''{e,x)dx 



sup 

0eR 



T2 



Moreover, the following estimates are satisfied 
dS" 



d9 



L|(R,L2(T2)) y/ev V 2l^ 



<-L./(f + 1), 



0. 



^'5''IU~(R,L2(T2)) 



:~(R,L2(T2)) 



<w:4 + ^(^ + i), 



dS" 



dt 



(2.32) 



<w'2^ + ^(2! + l), (2.33) 



<e3-(l + -). (2.34) 

L~(R,L2(T2)) V V 



Proof . (of Theorem l2.2l) . As estimates of Theorem l2.1l do not depend on /i, to proof existence 
of , it suffices to make /i tend to in (|2.10p . Uniqueness is insured by (j2.32p . once noticed that, 
if and S'^ are two solutions of (|2.9p . with constraint (I2.32p . — is solution to 



~ -V • ((A + v)^iS^ - 5"-)) = 0, 
a9 e 



(2.35) 
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from which we can deduce that 



l^WViS" - '5'')||^2 (•j|^^2(T2)) — 0, 



and because of (|2.32p . and its consequence: 

11'^'' - 5''||^|(R^i2(T2)) < |1V(5'^ - 5'')|li2^(R_i2(T2)), 

that _ 



(2.36) 

(2.37) 
(2.38) 



Now we get estimates on 5" which do not depend on i/. 



Theorem 2.3 Under the assumptions I12.6\) , (27?\ I and i2.8\) . the solution S"^ , of 112. 9\) given by the- 
orem \2.2\ satisfies the following properties 



< 



J2 



\ 1/2 'Y 

\WS''\^dxde) < ' 
'G 



thr 



< 



--, for a given do e [Oa,0cu], 



Gthr 



thr 



dt 



< e 



L^(R,L2(T2)) 



7 + eY 



+ (7^ + ^V)). 



thr 



Proof . (of Theorem 12.31) . Multiplying (|2.9p by S'^ and integrating over yields 

~l \S''?dx+- [ {A, + y)\VS''\''dx = -- [ C.-VS^dx. 
I dtl Jj2 e Jj2 e Jj2 

Integrating (|2.44l) in over [0, 1] gives 

-[ f {A + J^)\\7S-'\^dx<^ [ f \fX\^S''\dx, 



then we obtain (|2.39p . 
Assuming p.7p . we have 



Gthr( f " / iVS'^l'^dxdeY^^ < ( / " / A,\yS"\'^dxde)' 



< 



(2.39) 
(2.40) 
(2.41) 
(2.42) 
(2.43) 



(2.44) 



(2.45) 



L|(R,L2(T2)) 

(2.46) 
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From (|2.39l) and this last inequality we get (|2.40p . Then, there exists a, da E [Oa,Su:] such that 
satisfies d^TiT]) . 

Using the Fourier expansion of S'^ and the relation (|2.32p we get 



< 



7 



< 

^ V Gthr 



(2.47) 



1 



Multiplying p.9p by S'^, integrating over we obtain 

— + -/ A + t^)V5 6',- dx-- 

Applying formula (|23T|) with V = -^^^ and C/ = l^''], we get 



\v ■c,s''{e,-)\dx 



i d\\s^{e,-)\\l 1 

2 de e .7x2 

which gives 

i d\\S'^{e,-)\\l , 1 

2 rf6i 



e ./T2 



(A + J^)|V5'^(6',-)prfa: < 



T2 



4e 



da:, 



da; < 



1 



T2 e{Ae + J^) 



|V-C,pdx. (2.48) 



Using Fourier expansion of S''{9, •), one can prove that the second term of the left hand side of p.48p 
is positive, then we have 



d\\S'^{0.-)\\l 

de 



< 2 



1 



T2 e{Ae + v) 



IV -crdx. 



Using ((2^ . ((2^ and integrating ((2^ from 6*0 to 6* G [0, 1], we obtain 

\\s'^{e,-)\\l<\\s'^{e,,-)\\l + 2e^\ 

then inequality (I2.42p is satisfied. 

Using inequality p.39p and from hypothesis (|2.8p we get 



a(VA 



< £7 



:|(K,L2(T2)) 



^ 2 2 



(2.49) 



(2.50) 



(2.51) 



Multiplying (|2.9p by — AiS"^ and integrating in a; G we get 



1 d „ „„T 1 

2d^ll^'^ll^ + - 



e ./T2 



A + i^)|A5''| da;+- / ^ A, S" l^S" dx 
e Jt2 



e ./T2 



V-Ce • A^'^dx. (2.52) 



Using ({2:211) with U = \AS''\ and V = ^-^^^'^'^^ and with U = |A5''| and = the equality 

(|2.52p becomes 



iA||V5n|2 + l 



(A + J^)|A5''|2(ix < 
T2 e Jt2 



rIVA 



-4e + 



|V5 



iy|2 



-4e + 



da;, 



which, integrating from to 1 yields 

/ / A,\^S''\'^dxde < 2eY 
Jo Jf^ 



JT2 



\A,\\\/S''Ydxde + < 2eY{Y+l) 



(2.53) 



(2.54) 
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As 



we obtain 



dt 



Id A, 

at 



AS' 



< eV2e7Vl + 7- 



(2.55) 
(2.56) 



Now we set out the equation to which is sohition. We have 



d0\ dt J dt\ 89 



v.— V5^ + (A + .)V— 



then is sohition to 



■I ) - -V • (A + J^)V( 



961 V dt 



dt 



V dt 



e dt 



e dt 



(2.57) 



Multiplying ()2.57p by and integrating in x e T^, we get 



ld_ 
2d£ 



dS" 



dt 



at 

2 1 /■ ~ 

+ - / {Ac+V) 

2 e ./t2 



dS" 



dt 



dx < — 



dA, 



dt 



,dS^ 



dx + - 



dC, 



dt 



dS" 



dt 



dx. 



(2.58) 



Using the fact that 
9C 



at 



< e^7^ L4c , the second term of the right hand side of (|2.58p satisfies 



T2 



dt 



dS" 



dt 



dx < e'f I y Af 

J2 



dS" 



dt 



dx < £7 



dS" 



dt 



(2.59) 



In the same way, using (j2.8p we deduce the following estimate for the first term of the right hand 
side of ((2381) 



T2 



dA, 



dt 



dS" 



dt 



dx < 



dA, 



dt 



dA, 



dt 



dS" 



dt 



< e 7 



2 

dS^ 



(2.60) 



Using inequalities (j2.59p . (|2.60p and (|2.39p and integrating (|2.58p in 9 over [0, 1], we have 

2 

L|(R,L2(T2)) L|(R,L2(T2)) 



(-4e + v) 



^dS" 
dt 



dS" 



dt 



dS" 



dt 



From this last inequality, we deduce 



,dS^ 



< e(7 + e7'), 



(2.61) 



(2.62) 



L5t(R,L2(T2)) 
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and then 



de < €- 

2 ^/Gthr 



From (j2.63p . we deduce that there exists a 0o G [^a, 0^^] such that 



and, since the mean value of ^§^{0o, •) is zero, 



7 + £7 



< £ 

2 



(2.63) 



(2.64) 



55^ 



dt 



7 + £7'' 



< £ 

2 ./G. 



(2.65) 



thr 



To end the proof of the theorem it remains to show that is bounded independently of in 



L^(M,i2(T2)). For this we will estimate the right hand side of ([238)1 by applying formula ([23T|) 

to treat the second term of the right hand side of (I2.58P and with 



with V 



e I 9t 



and U 



7 95" I 
dt I 



V = il^llV^^^I and [/ = |V^| to treat the first. It gives 



dt 



de 



Y2 26 



OS" 



dt 



dx 



< 







2 




dt 





T2 e{Ae + v) 



dx 



dA, 



dt 



|V5 



v\2 



T2 e{At + v) 



dx < £7^ + £^72 / A,\VS''\'^dx, (2.66) 



T2 



where we used hypothesis (12. Sp to get the last inequality. Integrating this last formula in over 
[00, cr] for any ct > 6*0, we obtain, always remembering p.39p . 



dS" 



dt 



< 



dS" 



+ <7' + eV) 



(2.67) 



From inequality (|2.67l) we obtain directly the inequality of (|2.43p , using the periodicity of S" 



Estimates (|2.42l) and (|2.43l) given in theorem 12.31 do not depend on 1/. Making v 0, allows us 
to deduce that, up to a subsequence S'^ — > S G {R, L'^ {T'^)) weak — *. Concerning the limit S 
we have the following theorem. 

Theorem 2.4 Under assumptions 112. 6\} . {2. 7^ , 12. 8\) . there exists a unique function S — S{t, 9, x) € 
L"^ (M., L'^ {T'^)) , periodic of period 1 with respect to 9, solution to 

^ _ iv • (Mt, ., .)V5) = -W ■ C,{t, ; •), (2.68) 
d9 e £ 

and satisfying, for any t,9 £ M+ x M 



T2 



S{t,9,x)dx = 0. 



(2.69) 
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Moreover it satisfies: 



ll'5|!i^(K,L2(T2)) < + 2e7^ (2.70) 



Gthr 

dS 2 /-^4-^^3 



dt 



<<^ + (7^ + .V)). (2.71) 



^thr 



Proof . (of Theorem l2.4l) . Uniqueness of S is not gotten via the above evoked process f — > 0, but 
directly conies from (I2.68p . Assuming that there are two solutions iSi and ^2 to (|2.68p . we easily 
deduce that 



d (\\Si - S, 



2ll2i 1 



dd e Jy2 

which gives, because of the non-negativity of A, 



[ A|V(5i-52)|^dx = 0, (2.72) 

JT2 



d (\\Si - S: 



de 

From (j2.72p we deduce that either 



< 0. (2.73) 



A|V(5i-52)|' = 0, (2.74) 

or, for any e M, 

\\S,{e + 1, .) - S2{e + 1, < \\S^{9, .) - 52(0, Oil' • (2-75) 

As (|2.75p is not possible because of the periodicity of iSi and 52, we deduce that (|2.74l) is true. Using 
this last information, we deduce, for instance 

V(5i-52)(0c.,-) = O, (2.76) 

yielding, because of property p.69p . 

||(5i-52)(0<.,-)ll2< llV(5i-52)(0..,-)ll2- (2.77) 



Injecting (f2J4|) in (|2J2|) yields 

d{\\S^-S2\\l 



de 

and then 



0, (2.78) 



|(5i-52)(0,-)||2=O, (2.79) 



for any 9 > 9^^ and consequently or any 6* G M. This ends the proof of theorem!! 
With this theorem on hand we can get the following result concerning z'^ solution of equation p.Sp 



Theorem 2.5 Under properties 112. 6\) . {2. 7| ), h2.^] . for any T, not depending on e, equation Ii2.5\) . 
with coefficients given by 112. 1\) coupled with 112. 3\) and 112. 2\) coupled with {2.4-^ has a unique solution 
e L°°([0,r];L2(T2)). This solution satisfies: 

I|21l~([o,t],l2(t2)) <7 (2.80) 
where j is a constant which do not depend on e. 



2 Existence and estimates, proof of theorem \1.1\ 



17 



Proof (of Theorem ll.ip . Theorem ll.ll is a direct consequence of theoreml 

Proof . (of Theoreni l2.5p . To prove uniqueness, we consider z| and z| two solutions of (|2.5p . Their 
difference is then solution to 



'^^^-^^^-^V.(aV(zJ-.^)).0, 



dt 



(2.81) 



and multiplying the first equation of (I2.81|) by (zj — and integrating with respect to x gives 



d{\\zl-z^,\\l) 



dt 



< 0, 



yielding 



and giving uniqueness. 



\\4-4h = 0, for any 



(2.82) 
(2.83) 



Existence of z"^ is a straightforward of adaptations of results of Ladyzenskaja, SoUonnikov and 
Ural' Ceva [S] or Lions [5] on a time interval of length e. 

Then, let us consider the function Z"^ = Z'^{t, x) = S{t, |, x) where S is solution to (|2.69p . We obtain 



dZ' dS, t , Ids, t , 
— ^-it,-,x) + --{t,-,x) 



Using equation (|2.68p we deduce that Z'^ is solution to 



dZ" 1 / ~ ^\ 1 ~ dS 



dt 



then we deduce that 



d{z' - Z^) 1 



dt e2 



^V- AV(z^-Z^) = 



dS_ 
'di 



{z'-Z%^Q^zo-S{Q,Q,x). 
Multiplying (|2.86p by z'^ — Z'^ and integrating over T^, we have 



(2. 



(2.85) 



(2.86) 



d\\z^-Z%l , 1 



dt 



■ f Ae\V{z' - Z'l^dx^ f ^{z'-Z')dx (2.87) 

Jf2 Jj2 dt 



which gives 



Then we have 



d\\z^-Zr2 



dt 



< 



\ 



Y Gthr 



\\z^{t,-)-Z^{t,-)\\l<\\zo-S{Q,0,x)l. 



= (^^^ + (72 + eV))T. 

/ Gthr 



(2. 



(2.89) 



As |15||ioo(][j^2(T2)) < 2 when e — 0, then (|2.80p is true. 

* V Gthr 
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3 Homogenization for long term dynamics of dunes, proof of 
theorem 11.21 

We consider equation (|2.5p where A"^ and are defined by formulas (|2.ip coupled with (|2.3p and 
(|2.2p coupled with (I2.4p . Our aim consists in deducing the equations satisfied by the limit of 
solution to (12.51) as e — >• 0. 



It is obvious that 

A''{t,x) two-scale converges to A{t,e,x) e L°°{[0,T], L'^{R, L'^{T'^))) 

and C^it, x) two-scale converges to C{t, 6, x), (3-1) 

with 

A{t, 0, x) = agai\U{t, e,x)\) and C{t, 0, x) = cg,{\U{t, 0, x)\) ^^^f'\ . (3.2) 

\U{t,Q,x)\ 

Assumptions (I1.23P and ()1.24p have the following equivalence here: 

e = [0, T) X {61 e M : A{-,B, •) = 0} x (3.3) 

and 

©t/ir = {(t, 6', x) e [0, T) X K X such that A{t, 9, x) < Gthr}- (3.4) 
Moreover, we notice that because of H]) and (P) 

A{t, e,x) ^0 if and only if {t, 9, x) e 6. (3.5) 

We have the following theorem. 

Theorem 3.1 Under assumptions ^Kd^, ifO)) . iTO]] . IfJT^) and iTO)] . for any T, not de- 

pending on e, the sequence {z'^) of solutions to \2.5\) . with coefficients given by coupled with 

ifO)) and fUj coupled with (E^, two-scale converges to the profile U £ L°°([0, T], i^(R, i2(Tr2))) 
solution to 

- V • (^VC/) = V -C on ([0,T) X M X T2^\e, (3.6) 

^ = on Qthr, (3.7) 
1 /. 

UdOdx = I zodx, (3.8) 



10 Jf^ JY^ 

where A and C are given by 113.^) : Q and Qthr o.fe given by US. 3\) and ^3^. 

Proof . (of Theorem ll.2p . Theorem 1 1.2 1 is a direct consequence of theoreni l3.1l ■ 
Proof . (of Theorem l3.1l) . Multiplying (|2.5p by ip'^{t,x) = ij;{t, |,x) regular with compact support 
in [0, T) X and 1-periodic in 6, we obtain 

zo{x)'ijj{0,0,x)dx — f f —^z'^dtdx-\- 

4 / / A.S/z'S/ij'dtdx^ \ [ [ h ■C,)ip'dx. (3.9) 
e Jt^ Jo e Jt^ Jo ^ ' 
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Using the Green formula and 

'df ~ [~dt ^ 7 ['80 



(3.10) 



where 



we obtain 



'4Yit,.)^'4i^,U and ('4)\^^^)-'4it,U, (3.11) 



dt ' ' dt"- ' e' ' \de J ' ' 86 



(v ■C,^ip'dtdx = - zo{x)^p{0,0,x)dx (3.12) 



e JT2 Jo ^ ' JT2 



Multiplying by and using the two-scale convergence due to Nguetseng [H] , Allaire [T] , Frenod, 
Raviart and Sonnendrucker [4], as z*^ is bounded in L°°(0, T, L^(T^)), there exists a profile t/(t, 0, x), 
periodic of period 1 with respect to Q, such that for all ■)/'(*, ^, a^), regular with compact support with 
respect to (i, x) and periodic of period 1 with respect to 0, we have 

-[ [ I UV ■ (AvAdOdtdx = I I I {V ■C)ij dOdtdx, (3.13) 
Jo Jo ^ ' Jt2 Jo Jo 

then 

-V - (^^Vt/) = V-C, (3.14) 

with ^ and C given by p.2p . 

Since A and C vanish on 0, we deduce p.6p from p.l4p . 

Moreover, because of (|2.7I) . in points where ^(t, ^, x) < Gthr, V • C = and A does not depend on 
t and x. Hence f7 depends only on 9. In other words, 

Uit,e,x) ^U{e) onSthr- (3.15) 

Taking now test functions not depending on x in ([3]), the two last terms of the left hand side of 
p.l2p vanish. Then passing to the limit, we obtain the weak formulation of 



8 



U{t,9,x)d3 



89 

which yields because of p.lSp 



(3.16) 



8U 

— on Qtkr. (3.17) 
89 



Finally, taking test function "0 depending only on t we obtain 



/ U{t,9,x)d9dx = [ zo{x)dx, (3.18) 

JT2 JT2 



ending the proof of the theorem. 
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4 Homogenization and corrector result for mean-term dy- 
namics of dunes, proof of theoremll^SJ and 11.41 



Making the same as in the begining of section [21 setting: 



and 

where 
and 



C'{t,x)^C,{t,-^,-,x) 



Ae{t,T,0,x) = a(l - b^/^M{t,T,e,x))ga{\U{t,T,e,x)\), 

u{t,T,e,x) 



Ce{t, T, 9, x) = c(l - by/lM{t, r, 6, x)) gc{\U{t, r, e,x)\) 



\u{t,T,e,x)Y 



equation (|1.5p with initial condition (|1.12p can be set in the form 

1 1 

ot e e 



(4.1) 

(4.2) 
(4.3) 
(4.4) 

(4.5) 



Under assumptions (|1.2p and (|1.8p , and given by (|4.3I) and (|4.4p satisfy the following hypothe- 
ses: 

r I — !• {Ae,Ce) is periodic of period 1, 
9 I — > {Ae,Ce) is periodic of period 1, 
XI — > {A,C,) defined on T^, 



lAI <7, <7, 



96* 



< 



89 



OA, 



at 



<7, 



dt 



<7, 



(4.6) 



<7- 



at 



< 



<7, |VA| <7, |V-C,| <7, 
3Gt,,^, 6*^ < 6i„ e [0, 1] such that V 6* e [6»„,6i„] X(t,T,6',x) > Gt^^, 

A,{t,T,9,x) < Gthr = 



a^i BA ~ 

it, T, 9,x) = -^ it, T,9,x)^0, V A (t, T, 9, x) = 0, 



(4.7) 



-^it, T, 9, x) = -^{t, T, 0, x) = 0, V • C,it, T, 9, x) = 0, 

ot OT 



|C,|<7|A|, |C,p<7|A|, |VA| <7|A 



OA, 



a(vA) 



at 



<7lA 



V - c 



<7lA 



ac. 



a^. 



Ot 



< e7|A|, 



Jt 

avA 2 



ar 



at 

<7i-4:ei, 

<e7|A|. 



<7lA|, 



ac. 



at 



< 7' I A 



(4.8) 



For ()4.5p . if hypotheses (|4.6p . (|4.7p and (|4.8p are satisfied, an existence and uniqueness result is given 
in[3]. 
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4.1 Homogenization 

Let us consider equation (|4.5|) with Ae and Ce given by (I4.ip and (14. 2^ : 

I — ^ y4, C is periodic of period 1, 

r I — A, C is periodic of period 1, (4-9) 

A'{t,x) 3-scale converges to A{t,T,0,x) e i°°([0,T] x R, {R, L^{T^))) 

and C'(t, x) 3-scale converges to C{t, r, 6, x), (4-10) 

with 

Ait, T, 9, x) = ag,{\U{t, r, B,x)\) and C(t, r, Q, x) = C5c(|Z^(t, r, Q,x)\) .^j^' ^' ^' "^j, ■ (4.11) 

Theorem 4.1 Under assumptions |^.6'[ j, |^.7| j, (gTI^ and J.^. for any T, not de- 

pending on e, the sequence (z') of solutions to |^.5[ ), with coefficients given by J/^.jp coupled with 
IT^P anrf coupledwith 3-scale converges to the profile U £ L°°([0, T] x R, i|'(M, L2(T2))) 

solution to 

^ - V • (IVC/) = V • C, (4.12) 

where A and C are given by J.^. 

Proof . (of Theorem ll.Sp . Theorem [LS] is a direct consequence of theorem l4.1l ■ 
Proof .(of Thcorcm l4.ip . Considering test functions ip'^{t,x) — ip{t, ^,x) for all ip{t,T,d,x) 

regular with compact support on [0,r) x and periodic of period 1 with respect to r and 9. 
where 

(^Y(t :,)~^(t — - x) (^Y-^(t—-x) (^Y-^(t — -x) 

(4.14) 

Multiplying (|4.5p by ?A^(t, and integrating on [0,r) x T^, we get 



ZQ{x)i^{0,0,0,x)dx- / -^z^dtdx-- / z'^V • (yt'^VV'') 

./t2 ./n ut e ./t2 ./n ^ '' 



T2 JT2 Jo ^ Jo 



1 

e ./t^ Jo 



T 

\/ -Ceip^dtdx. 



Replacing ^i- by the relation (|4.13p . we have 



1 



V ■C'tP'^dtdx = - [ zo(a;)?A(0,0,0,x)dx. 
e Jo JT2 
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Multiplying by e we have 

/ 

Jt2 Jo 



.(t)•-^/^(f)■-(S)• + V.(^.V.. 



dt dx-\- 



V -C'lp'dtdx = -e / zo(a;)V'(0,0,0,x)dx. 

T2 Jo JT2 

The functions {^Y, i^Y ^^'^ iwY periodic with respect to the two variables r, 0. Here we 
use the 3-scales convergence see [TO] . 

Taking the limit as e — ?■ 0, using the 3-scales convergence, we have 



T2 Jo J[04]2 



U^ + UV ■ {AVifYjdTdOdtdx 



T2 Jo J[0,l]2 



C ■ Wil^drdOdtdx. 



Then, the limit U of z*^ solution to (12.51) satisfies the following equation 



(4.15) 



There is indeed existence and uniqueness of the equation ()4.15p according to the application of the 
theorem 3.15 of 3 ; thus (|4.15p is the homogenized equation. In ()4.15p . t and t are only parameters. 



4.2 A corrector result 

Considering equation (14.51) with coefficients (|4.ip and (14. 2p and hypothesis (|4.10[) leads to 



where 



A''{t,x) = 


A^{t,x) + 






(4.16) 


C'{t,x) = 


--C'{t,x) + V^Cl{t,x)' 


^eClit^x) 


(4.17) 


A''{t,x) = A{t, 


t t 
Ve e 


C'{t,x) 


pr, t t . 
= C{t, — , -,x) 
ve e 


(4.18) 


Al{t,x) = Ai{t, 


t t 


Clit,x) 


~ , t t . 
= Ci(t, -,a;) 
Ve e 


(4.19) 


AUt,x)=A2{t, 


t t 


C'^{t,x) 


~ , t t . 

= C2(t, -,x) 

Ve e 


(4.20) 



Because of hypotheses (|T^ . (|i?7)) and (g^. A, Ai, A2, A', Al, A\, C, Ci, C2, C\ CI and C| 
are regular and bounded coefficients. 



Theorem 4.2 Under assumptions |^.6p , {4^. 7| ), |.^.^[ ), i pTTp , {4^.10^ and (^T77p, considering function 
e L°°([0,r),i2(Tr2)), soZufion to fH) and function U' e L°°([0, T], L^(R, i^CirS))) rfe/?nerf 61/ 

U'^itjx) — U{t, ^,x), where U is the solution to H.IS^ , the following estimate is satisfied: 



L°°([0,T),L2(T2)) 



< a, 



(4.21) 



4 Homogenization and corrector result for mean-term dynamics of dunes, proof of theorem ] 1 . 3\ and\ 1.42 3 



where a is a constant not depending on e. 
Furthermore 

^ ~ ^ 3-scale converges to a profile Ui G L°°{[0,T] x R, {R, L'^{T'^))), (4.22) 



which is the unique solution to 

dUi / _ X / ~ \ dU 

^ - V . [AWU^) = V . + V . [A^WU) — . (4.23) 



Proof . (of Theoren ll.4p . Theoreiii ll.4l is a direct consequence of theoremlf 
Proof . (of Theoreni l4!2)) . Using the relations (|4.18p . (|4.19p and (|4.20l) . equation (|4?5|) becomes 

^ - i V • (^^ Vz^) = i (v • C'= + V^V • Ci + eV • Ca + ViV • [aIVz'^ + eV • (^^ Vz') ) . (4.24) 
As U is solution to (|4.12l) and taking into account that 

^-fe) nia^)' (^-2^) 

we obtain the following equation 



Considering equation (|4.24p and ()4.26p . — is solution to 



(4.26) 



1 



-iv•((y^^+^/iy^He-42)V(^^^)) = -^(v-Cl+,feV-C'2+V-(A\VW)+V~eV-(A'2W) 



Using the fact that U solution to (|4J2l) belongs to L°°{[0,T] x R, L|'(K, L2(t2))), is solution 
to (j4.26p and a results of Ladyzenskaja, Solonnikov and Ural'Ceva [8], all the terms ^ are 
bounded. The terms A\, A2, Cf and C| are also bounded by hypotheses and then so are V-CJ, V-C2 
and V • ^yliVC/'^ , V • ^^2V?7^^ . Using the same arguments as in the proof of Theorem 1.1 in [3] 
we obtain that ^^^converges to a profile Ui e L°°([0,T] x R, {R, L"^ {T'^))) solution 



to 



dUi / _ X / ~ \ dU 

= V ■ [AVUi] -C^ +V ■ [AiVU] - —. (4.28) 
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